Abstract. Let A be an abelian variety over a global function field K of characteristic p. We study the µ-invariant appearing in the Iwasawa theory of A over the unramified Z p
Introduction
Let Γ be a profinite group isomorphic to Z p and let Λ denote the completed group algebra Z p [[Γ] ]. By a general structure theorem, if M is a finitely generated torsion Λ-module then one has a pseudo-isomorphism (that is, a homomorphism with finite kernel and cokernel)
(where the f j 's can be identified with certain irreducible polynomials in the power series ring Z p [[t]]). In particular (1) makes it possible to define the number
which is called the µ-invariant of M. The algebraic side of Iwasawa theory deals with modules over rings exemplified by Λ and understanding their µ-invariant has always been an interesting question. For example, in the setting above µ(M) = 0 means that M is finitely generated as a Z p -module. More generally, let M Γ p n denote the set of coinvariants for the subgroup of index p n . Then (1) implies the formula log |M Γ p n | p n log p = µ(M) + o(1) as n → ∞ , provided that |M Γ p n | < ∞ holds for every n.
The µ-invariant was first studied in the following situation. Let F be a number field and let F cyc denote its Z p -cyclotomic extension: then one takes Gal(F cyc /F ) as Γ and Z p [[Gal(F cyc /F )]] as Λ. The Λ-module to be considered is M(F cyc /F ), the inverse limit of the p-parts of class groups in the intermediate extensions of F cyc /F . Iwasawa showed that M(F cyc /F ) is finitely generated and torsion and he conjectured the equality µ M(F cyc /F ) = 0. His conjecture was proved by Ferrero-Washington in the case when F/Q is an abelian extension, but it is still open in the general setting. On the other hand, Iwasawa [Iwa73] also gave examples of Z p -extensions L/F of number fields such that µ M(L/F ) > 0.
The Λ-modules of interest in this paper are duals of Selmer groups of abelian varieties over function fields. The Iwasawa theory of abelian varieties was started by Mazur in [Maz72] , where he already gave some examples of elliptic curves with non-vanishing µ over Q cyc ([Maz72, §10] ). More recently Coates and Sujatha have conjectured that the µ-invariant of an elliptic curve always vanishes in the cyclotomic extension of a number field if one replaces the Selmer group with the fine Selmer group ([CS05, Conjecture A]; see also [Suj10] and [Suj11] for an introduction to these ideas).
1.1. Our setting: Z p -extensions of function fields. In the following, K is a function field in one variable over a finite field of characteristic p. The Z p -extension of K we are going to consider is the arithmetic one, that is, the unique Z p -extension obtained by enlarging the field of constants, which is an obvious analogue of F cyc /F .
1.1.1. µ-invariants over function fields: class groups. In this paper, we study the µ-invariant attached to abelian varieties. Before discussing it, we review the situation for class groups, to place our results better in context. Let h n denote the cardinality of the p-part of the class group at the n-th layer of the extension. In the case of the arithmetic Z p -extension, the growth of h n can be computed from the zeta function and Weil's work on the Riemann hypothesis gives some estimation. Interpreting class groups as sets of rational points in a Jacobian, geometric considerations and some simple Galois theory yield a more precise result: see [Ros73] . The outcome is that log(h n ), is proportional to n, for n large enough: that is, the relevant µ-invariant vanishes ([LZ97, Proposition 5.4]). (It might be worth to recall that similar observations and the attempt to develop an analogue theory for number fields were Iwasawa's starting point: see [Tha94] for more on this function field-number field dialogue.) Things change rather dramatically if instead one takes a geometric Z p -extension of K -that is, an extension where the constant field is the same at any layer. Such extensions can ramify at infinitely many different places and in such a situation the limit of class groups is not a noetherian Λ-module ([GK88, Theorem 2]). Moreover, it turns out that in a geometric Z p -extension log(h n ) grows at least as p 2n ([GK88, Theorem 1]).
Remark 1.1.1. In the function field setting there is also a different kind of "cyclotomic" extension, obtained by adding to K the p ∞ -torsion of a rank 1 Drinfeld module, for p a place of K. It turns out that when K is the rational function field (that is, K = F q (θ) ) and the cyclotomic extension is generated through the Carlitz module, an analogue of the Ferrero-Washington theorem holds ([ABBL20, Theorem 1.3]). An important difference with the situation we discussed before is that the Galois group of the extension in [ABBL20] is isomorphic to an infinite product of copies of Z p : hence the corresponding Iwasawa algebra is not even noetherian. A general theory for modules over such algebras is still lacking, so it is not completely clear what is the meaning (or the general definition) of a µ-invariant in this setting. The result in [ABBL20] consists in proving that a certain p-adic L-functions generates the (χ-part of the) Fitting ideal of a limit of class groups, and computing that the reduction of this L-function modulo p is not zero.
1.1.2. µ-invariants over function fields: abelian varieties. For an abelian variety A/K, Iwasawa theory over the arithmetic extension of K was first developed in [OT09] . In particular, [OT09, Theorem 1.7] proves that the dual of the Selmer group is a finitely generated torsion Λ-module: thus one can apply (1) and define a µ-invariant µ A/K . Moreover, [OT09, Theorem 1.8] gives some conditions for its vanishing when A is isotrivial: more precisely,
• µ A/K = 0 always holds if, after base change by a finite extension, A becomes isomorphic to a constant ordinary abelian variety; • in the supersingular case, µ A/K = 0 is true if the base change is by the function field of a curve with invertible Hasse-Witt matrix. We are not aware of other works discussing the µ-invariants of abelian varieties over global function fields.
1.2.
Our results: contents of this paper. We assume that the field of constants of our K contains q elements. The same q appears in our definition of the µ-invariant µ A/K , which is slightly different from the usual one (see Definition 2.0.1). In particular, it is not a priori obvious that µ A/K is always an integer: this will be a consequence of Theorem 2.4.3.
First, we study the behaviour with respect to base change ( §2.1). We check that, if L/K is a finite Galois extension, we have µ A/K µ A/L (Lemma 2.1.2) and we give conditions ensuring that µ A/K = 0 implies µ A/L = 0: in particular, we prove that this implication holds in a p-extension unramified outside of ordinary places (Theorem 2.1.5).
In §2.3, we observe that µ A/K is determined by the Tate-Shafarevich group. As a consequence, one can compute it from the cardinality of the p m -torsion of X in intermediate extensions. Assuming that the p-part of X is always finite in our Z ptower, we deduce the limit formula (6) for µ A/K . In §2.4, following [Suz19] , we define an F q -group scheme G
(1)
A which represents the Tate-Shafarevich group X(A/KF q ). We prove the formula In Chapter 3, we take A to be the Jacobian of a curve S K over K. In this case we show that µ A/K is the dimension of an F q -group scheme Br representing the Brauer group of the associated surface S (Proposition 3.1.3). As a consequence, we can show that in this case the formula (10) holds independently of the finiteness of X (Corollary 3.4.1). As an application, in Propositions 3.4.2 and 3.4.4, we give necessary and sufficient conditions for µ A/K = 0 and (under some additional assumptions) µ A/K = 1. Proposition 3.4.5 provides an explicit example of an elliptic curve with µ-invariant 1.
Chapter 4 deals with the case of semistable abelian varieties. Theorem 4.1.1 shows that formula (10) holds with no condition on X also in this setting. The proof is based on the fact that in this case the Iwasawa Main Conjecture holds ( [LLTT16] ) and so µ A/K can be computed explicitly from the (p-adic) L-function.
In Chapter 5, we specialize to A being an elliptic curve. As explained in Theorem 5.1.1, this gives a simplified version of (10) and (11) and hence more instances of µ A/K > 0 (Proposition 5.1.2). In §5.3, we investigate the variation of the µ-invariant in isogeny classes. If p > 2, the Legendre form of the Weierstrass equation provides sufficient conditions for µ A/K = 0 (Theorem 5.4.2).
In Chapter 6, we prove that, at least for p > 3, the vanishing of µ A/K is the normal behaviour in the following sense: for n > 1 2 (g − 1) (where g is the genus of the curve corresponding to K), we build an irreducible variety X(n,C) parametrizing elliptic curves over K with discriminant of degree 12n and we show that the locus determined by µ = 0 is open and dense (Theorem 6.3.1).
Finally, Chapter 7 contains some explicit examples where we can compute the µ-invariant.
The paper ends with an appendix proving a certain integrality property of the exact p-power factor of the L-function of A.
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1.3. Notation. Let p > 0 be a prime number. Let K be a function field in one variable with field of constants
The cohomology groups will be usually Galois orétale cohomology, except for cohomology of finite group schemes where we use the flat cohomology, denoted H * f l 2 Such an interpretation had been suggested by Ulmer himself in [Ulm19, Remark 4.3(5)]: our work gives a more precise meaning to his observation and to the name "dim X" for the left-hand side of the formula in [Ulm19, Proposition 4.2].
(see [Mil80,  II, §1 and III, Definition 1.5] for its definition and [Mil06, III] for the facts needed in this paper).
Let C be the smooth projective curve over F q having K as its function field. Write g C for the genus of C. Let A/K be an abelian variety. For an abelian group H, we denote its p n -torsion subgroup by H[p n ], including n = ∞ (so that H[p ∞ ] means the p-primary torsion part). However we let A p n denote the kernel of the multiplication by p n on A and put
where w runs through all places of L. Similarly, let X p n (A/L) denote the TateShafarevich group. Let ∨ denote the Pontryagin dual. We will denote by A the Néron model of A. The K/F q -trace of A ( [Con06] ) is denoted by Tr K/Fq (A).
The µ-invariant for abelian varieties
Let A/K be an abelian variety and let X A/K be the Pontryagin dual of the Selmer group Sel p ∞ (A/K (p) ∞ ). Then X A/K is finitely generated and torsion over Λ ([OT09, Theorem 1.7]). From a general structure theorem for such modules, there is an exact sequence
where N is finite and each g j corresponds to a power of an irreducible distinguished polynomial in the isomorphism
The following definition is different from the convention, but it suits us well (see Theorem 2.4.3).
Definition 2.0.1. We define the µ-invariant of X A/K as the number µ A/K such that
Readers should note that on the left-hand side of (3) there is a power of q but on the right-hand side there is a product of powers of p.
Base changes.
The snake lemma applied to the multiplication by p on (2) yields the exact sequence
Proof. Because each Λ/(g j , p) is finite, the lemma follows via duality from the above exact sequence.
Lemma 2.1.2. If L/K is a finite Galois extension with µ A/L = 0, then µ A/K = 0.
Proof. The kernel of the restriction map Sel
. By Lemma 2.1.1, we obtain the result.
For a Galois extension L/K with
where w runs through all places of
Proof. For simplicity write M for Sel p (A/L) and let M ∨ be the Pontryagin dual. Let I be the augmentation ideal of 
where L and L p are localization maps. By using the (generalized) Cassels-Tate exact sequence [GAT07] , one can deduce (see [Tan14, Proposition 4 .2]) that L has co-kernel of finite co-rank. Hence the co-kernel of L p is finite.
Theorem 2.1.5. Let L/K be a finite Galois p-extension unramified outside ordinary
Proof. One can follow the proof of [OT09, Theorem 1.9], or applies Lemmas 2.1.2, 2.1.3, 2.1.4 and shows that W :
∞,w )) is finite, and is trivial for good places (see [Mil06, Proposition I.3.8] 
∞,w )), where the target is finite, is contained in
2.2. The L-function. We will give an explicit formula for the µ-invariant in Corollary 2. 
,
is a polynomial in t = q −s with constant term 1 whose reciprocal roots (with multiplicities) are Weil q-numbers {α ij } of weight i + 1 ([Kah18a, V, 6.8.2]).
Proposition 2.2.1. The function P 0 (t) −1 (with t = q −s ) is the zeta function of Tr K/Fq (A), and P 2 (t) = P 0 (qt) Proof. By [Sch82, Satz 1], P 0 (t/q) is the characteristic polynomial of q-th power Frobenius on V l (A(C × FqFq )), where l is a prime different from p and V l denotes the l-adic Tate module tensored with Q l . We have A(C × FqFq ) = A(KF q ), whose quotient by the subgroup Tr K/Fq (A)(F q ) is a finitely generated abelian group by the Lang-Néron theorem ( [Con06, Theorem 7 
This implies the statement for P 0 (t). The functional equation ([Kah18a, V, 6.8.1, 6.8.2]) shows that L A (2 − s) is some exponential function times L A (s). Hence the weight argument shows that P 2 (t) = P 0 (qt).
Let λ j ∈ Q be the q-valuation of α 1j (where the q-valuation means the p-adic valuation such that the valuation of q is 1). Definition 2.2.2. We define θ = θ A to be the non-negative rational number such that q θ P 1 (t/q) is p-primitive (i.e. all the coefficients are p-adically integral and some coefficients are p-adic units).
We also define a = a A := deg(P 1 ).
Proposition 2.2.3. We have
Proof. The equality can be obtained by a direct calculation or by noting that both sides are the absolute value of the height of the lowest point of the Newton polygon of the polynomial P 1 (t/q) with respect to the q-valuation.
.8.1, 6.8.2]) implies a functional equation P 1 (t) ↔ P 1 (q 2 /t) since {α ij } are Weil numbers. Hence the set {α 1j } (with multiplicities) is equal to {q 2 /α 1j }, so {λ j } = {2 − λ j }. We have λ j ≥ 0 since α ij are algebraic integers. Therefore 
Remark 2.2.4. The number θ is actually an integer as we will see in the appendix. This fact will not be used below.
2.3. The Tate-Shafarevich groups. For a finitely generated torsion Iwasawa module, its µ-invariant is irrelevant to the p-divisible part of its Pontryagin dual. Therefore, the proposition below follows from the exact sequence
For each g j in (2), let d j denote the degree of the corresponding polynomial.
In particular, if
n ) is finite for all n ∈ N, then by a similar argument we can deduce
2.4. The Tate-Shafarevich group scheme. In [Suz19] , a commutative perfect group scheme G (i)
over F q for each integer i is defined (where perfect means that the Frobenius is an isomorphism). It is characterized by the property [Suz19, Theorem 3.4.1 (4)] that for any perfect field extension k/F q , we have a canonical isomorphism
functorial in the variable k, where Ck = C × Fqk denotes the base change. We call G
A the Tate-Shafarevich scheme, because G
where the last canonical isomorphism is [Mil06, III, Lemma 11.5]. Hence
Therefore, (G
The group G
A is the perfection (inverse limit along Frobenius morphisms) of a commutative smooth group scheme over A . Proposition 2.4.2. Let G be a commutative smooth group scheme over F q such that its identity component G 0 is unipotent and its component group π 0 (G) is pprimary torsion and cofinite. Then the Iwasawa module G(F q,∞ )
∨ is finitely generated torsion over Λ, with characteristic ideal generated by q dim(G) times the characteristic polynomial of the Frobenius action on the finite-dimensional Q p -vector space
Proof. Consider the connected-étale sequence 0
by Lang's theorem. Hence we have an exact sequence
of Λ-modules. Since characteristic ideals are multiplicative in short exact sequences ([CS06, Appendix A, Proposition 1]), we may assume that G is either connected orétale. A commutative smooth connected unipotent group over F q is a finite successive extension of copies of G a ([DG70, IV, §2, 3.9]). Therefore the connected case is further reduced to the case of G a by a similar argument.
In particular, it is a finitely generated torsion Λ-module with characteristic ideal (q). Assume that G isétale. Then G(F q,∞ ) ∨ is finitely generated over Z p . Hence it is a finitely generated torsion Λ-module with characteristic ideal generated by the characteristic polynomial of the Frobenius action on the finite-dimensional Q p -vector space
Proof. This follows from (8), Proposition 2.3.1, and Proposition 2.4.2.
For n ≥ 0, consider the natural homomorphisms:
Proposition 2.4.4. For all n ≥ 0, the natural map i n is injective with finite cokernel of bounded order in n, and the map j n is surjective with finite kernel of bounded order in n.
Proof. The first statement follows from the exact sequence
For the second statement, we have a canonical spectral sequence
by [Suz19, Proposition 2.7.8]. Hence we have an exact sequence
is an isomorphism for any m ≥ 1 by Lang's theorem. The group scheme π 0 (G (0) ) over F q isétale with group of geometric points finitely generated by [Suz19, Theorem 3.4.1 (2)]. Hence H 1 (F q,n , π 0 (G (0) )) is finite of order bounded in n. Therefore the kernel of
is finite of order bounded in n. To show the surjectivity of this map, let B/K be the abelian variety dual to A with Néron model B. Let B 0 be the part of B with connected fibers. Let
since Galois cohomology is torsion in positive degrees. The height pairing gives a non-degenerate pairing
On the other hand, we have a canonical exact sequence 
and Lang's theorem, the map
∨ is surjective. Its Pontryagin dual map is thus injective. This implies the required surjectivity.
The proposition together with (5) imply
Remark 2.4.5. Propositions 2.4.2 and 2.4.4, together with the properties of G
cited after (8), give another proof that X A/K is finitely generated torsion over Λ, i.e.
[OT09, Theorem 1.7].
2.5. The µ-invariant formula. With the formula (9) and Proposition 2.2.3, we can now reinterpret Proposition 4.2 of [Ulm19] as follows:
where L is the invertible sheaf on C defined by
We will prove below that the formula (10) also holds for the following two cases without any assumption on X: A is the Jacobian of a projective smooth curve over K; and A is a semistable abelian variety over K.
Remark 2.5.2. Ulmer [Ulm19, 4.1] called the right-hand side of (6) the dimension of X(A). He justified this terminology in [Ulm19, 4.3 (2)] in the special case that A is a Jacobian. For a general abelian variety A, our definition
A and the formula (9) together justify the terminology.
The term deg(L) is non-negative ([Yua18, Theorem 2.6]). Also, recall that the term θ in the formula of the above corollary is non-negative so that we get the following upper bound on the µ-invariant (see [Ulm19, Proposition 4.4] for another upper bound for µ):
About the following definition, see also Theorem 5.2.1 below.
Definition 2.5.3. Define the Szpiro difference as
Note that b is non-negative by Proposition 2.2.3 and defined purely from the L-function of A. By (4), we can rewrite the formula (10) 
A = 0 for n = 0, 1. Therefore the formula (10) can be written as
Compare this with the Weil-étale BSD formula [GS18, Proposition 8.4 ]. This presentation might be useful when one wants to generalize (10), for example to motives over K other than abelian varieties.
The µ-invariant for Jacobians
In this section, we will show that the formula (10) holds for Jacobians without any hypothesis (Corollary 3.4.1) and will deduce some necessary and sufficient conditions about the (non-)vanishing of the µ-invariant (Propositions 3.4.2 and 3.4.4). A good reference on fibered surfaces is [Liu02] . Let S be a projective smooth surface over F q and π : S → C a flat morphism over F q . Assume that π * O S = O C and that the generic fiber π K : S K → Spec K of π is smooth. Let A = Pic 0 S K /K be the Jacobian variety of S K over K. Any elliptic curve is an example of such A by the theory of regular models. We do not assume that π admits a section.
3.1. The Brauer group. Recall from [Art74b, §3], [Mil76, §5] that there is a perfect group scheme H i (p ∞ ) over F q for each integer i such that for any perfect field extension k/F q , we have
as a functor in the variable k, where Sk = S × Fqk . Its identity component is denoted by U i (p ∞ ). It is the perfection of a commutative unipotent algebraic group over F q . Let NS = π 0 (Pic S/Fq ). It is anétale group scheme over F q such that its group ofF qpoints is the Néron-Severi group NS(SF q ) of SF q , which is a finitely generated abelian group. The Kummer sequence defines a canonical injection NS ⊗ Q p /Z p ֒→ H 2 (p ∞ ) of perfect group schemes. Define Br p ∞ to be its cokernel. For a prime l = p, define Br l ∞ to be theétale group scheme over F q whose group ofF q -points is Br(SF q )[l ∞ ], where Br denotes the usual Brauer group for schemes. Define Br to be the direct sum of Br l ∞ over all primes l. Hence for any any perfect field extension k/F q , we have a canonical isomorphism
Definition 3.1.1. Define s S to be the common integer
Remark 3.1.2. Note that the integer s S is also equal to the length of 
functorial in k, which are isomorphisms if k is algebraically closed, by [Gro68, Proposition (4.3), Equation (4.14 bis)].
On the other hand, consider the exact sequence 0
Let Q be the image of j * Pic S K /K → Z, which is a Z-constructibleétale subsheaf of Z on C. The quotient Z/Q is a skyscraper sheaf with finite stalks. Consider the exact sequence 0 → A → j * Pic S K /K → Q → 0. For any perfect field extension k/F q , this induces an exact sequence
is torsion by the proof of [Mil06, III, Lemma 11.5]. If k is algebraically closed, then Q(C k ) is finitely generated and H 1 (C k , Q) is finite by the properties of Q seen above. Therefore as functors in k, the kernel and cokernel of
are represented by finiteétale group schemes over F q . Now we have a homomorphism and an isomorphism
functorial in k. This gives the required morphism G 
The universal property of the trace then induces a morphism Pic
To prove the second claim, it is enough to show that these morphisms induce an exact sequence
The group Pic 0 S/Fq (F q ) is the divisible subgroup of Pic(SF q ) and the quotient of Pic(SF q ) by Pic 0 S/Fq (F q ) is NS(SF q ), which is finitely generated. On the other hand, the group Tr K/Fq (A)(F q ) is the divisible subgroup of A(KF q ) and the quotient of A(KF q ) by Tr K/Fq (A)(F q ) is finitely generated by the Lang-Néron theorem ([Con06, Theorem 7.1]). Since Pic S K /K (KF q )/A(KF q ) injects into Z, this implies that the group Tr K/Fq (A)(F q ) is the divisible subgroup of Pic S K /K (KF q ) and the quotient of Pic S K /K (KF q ) by Tr K/Fq (A)(F q ) is finitely generated. Therefore the above sequence induces an exact sequence
and the morphism from the middle kernel term to Z ⊕ E has finite image. This proves the second claim.
3.3. The L-function and the zeta function. Write the zeta function of S as Z(S, s) = P S,1 (t)P S,3 (t) P S,0 (t)P S,2 (t)P S,4 (t)
is a polynomial in t = q −s with constant term 1 whose reciprocal roots are Weil q-numbers {α S,ij } of weight i. Define θ S to be the non-negative number such that q θ S P S,2 (t/q) is p-primitive. Let λ S,j be the q-valuation of α S,2j . Then again we have
(1 − λ S,j ).
Proposition 3.3.1. The zeros and poles of the rational function P 2,S (t/q)/P 1 (t/q) are roots of unity. In particular, we have θ S = θ A .
Proof. Let l = p be a prime number. We have an exact sequence
of l-adic representations over F q , where V l denotes the l-adic Tate module tensored with Q l and the cohomology in the middle term is the continuous cohomology. The characteristic polynomial of geometric Frobenius on the middle term H 2 (SF q , Q l (1)) is P S,2 (t/q). Since the Galois action on the left term NS(SF q ) ⊗ Q l factors through a finite quotient, its Frobenius eigenvalues are roots of unity.
On the other hand, let A 0 be the part of A with connected fibers. For any n ≥ 0,
Hence it induces an exact sequence
of Z/l n Z-representations over F q . Taking the inverse limit in n and the tensor product with Q l , we have an exact sequence
of l-adic representations over F q . By [Sch82, Satz 1], the characteristic polynomial of geometric Frobenius on the middle term H 1 (CF q , V l (A)) is P 1 (t/q). Since the Galois action on the left term A(KF q )/Tr K/Fq (A)(F q )⊗Q l factors through a finite quotient, its Frobenius eigenvalues are roots of unity. Now the morphism in Proposition 3.1.3 induces an isomorphism
The result follows from this.
3.4.
Comparison and criteria. Define
By [LLR04, Equation (14)], we have
By the last equation of Section 6 of [Mil75] , we have
Combining these with Propositions 3.1.3 and 3.2.1, we have:
Corollary 3.4.1. The formula (14) is equivalent to the formula (10) for the Jacobian A. In particular, the formula (10) holds for A without any assumption on X (or the reduction type of A). In particular, it holds for any elliptic curve A/K.
We will give some criteria and cases of µ = 0 and µ > 0.
Proposition 3.4.2. The following are equivalent: 
) has length 0 as W ((V ))-module, i.e. is trivial.
To prove the equivalence, first assume that An explicit example is given as follows. [Shi18] ), whose generic fiber S K = A is the elliptic curve defined by the equation
where t is the coordinate of P 1 Fq . Then µ A/K = 1, and A has semistable reduction everywhere.
Proof. By [Shi72, Appendix A, viii)], [Shi75, §3, Theorem 1, Corollary 1] (see also [Shi18, Theorem 1.1 (1), (2)]), we know that S is a supersingular K3 surface semistable everywhere over C. Hence this proposition is a special case of the previous proposition.
Not much can be said about the case of positive Kodaira dimension, except Proposition 5.1.2, Section 6 and an example in Section 7.3 below.
The µ-invariant for semistable abelian varieties
The aim of this section is to prove that the µ-invariant formula (10) holds for semistable abelian varieties A without any assumption on X.
Statement and the p-adic L-function.
Theorem 4.1.1. Let A be a semistable abelian variety over K. Then the formula (10) holds for A.
We will prove this below. Let Q(Λ) be the fraction field of Λ. Let Z be a finite set of places of K such that A has good reduction over C \ Z. View the Frobenius element Frob q ∈ Gal(F q,∞ /F q ) sending x to x q as an element in Γ. For each place v, set Frob v = Frob
. Let P v (t) be the Euler factor at v of the L-function of A, which is a polynomial in t = q −s with Z-coefficients and constant term 1. Let L A,Z (s) be the L-function of A without the Euler factors at points of Z, so that
and regard it as an element in Q(Λ). It is actually a rational function of the variable Frob q with Q-coefficients (i.e. an element of the rational function field Q(Frob q )) and the substitution Frob Proof. By [LLTT16, §3.1.2], the p-adic L-function is defined as
where P ♯ is the log-scheme with underlying scheme C and logstructure induced by Z). On the other hand, by [KT03, §3.2.1], the right-hand side of (15) is
Then by [LLTT16, Theorem 1.1 (2)], for a characteristic element c A/K
where u ∈ Λ × , and ⋆ is given as follow. For each v ∈ Z, let T v be the maximal torus of A 
.
(The term δ in the original formula is equal to deg(L) here by [GS18, Proposition 3.3] for example.)
Local factors and the trace.
To prove the theorem, we will simplify both sides of (17). For each v ∈ Z, let t(v) = dim(T v ), so that t(v) + g(v) = dim(A). Let P v,tor (t) (resp. P v,ab (t)) be the characteristic polynomial of
where O is the ring of integers of some large enough finite extension of Q p . Note that
Lemma 4.2.1. For any v ∈ Z, we have
are roots of unity. We have
v is a unit in Λ ⊗ Zq O for some O. For P v,ab , we have
The product i (β 
Together with the relation between P 0 and Tr K/Fq (A) we saw in Section 2.2, we have
(1 − ζ
For P 2 , first notice that (18) also holds with Frob q replaced by Frob
(counting the multiplicities) by the functional equation for the zeta function of Tr K/Fq (A). Using these, we have
(1 − qζ
Using this lemma, we see that (17) is equivalent to
Comparing the exact p-power factors of both sides, we obtain Theorem 4.1.1. When it becomes necessary to emphasize the roles played by A and K, we shall use ∆ A/K to denote it. By [Con06, Example 2.2], we know Tr K/Fq (A) = 0 unless A is constant, in which case Tr K/Fq (A) = A ([Con06, Theorem 6.4 (1)]). In the case A is non-constant, we have P 0 (t) = P 2 (t) = 1, so we simply write P (t) = P 1 (t).
The µ-invariant for elliptic curves
5.1. The µ-invariant formula simplified. We have deg(L) = deg(∆)/12 by [LLTT16, §2.2.1, Footnote 1]. Therefore the formula (10) (true for A by Corollary 3.4.1) and the inequality (11) become the following statement.
Theorem 5.1.1.
if A is non-constant and
Let π : S → C be the minimal elliptic surface associated with A/K. By [Fri98, Chapter 7, Lemma 14] (adapted to positive characteristic),
if L is non-trivial, and Proposition 5.1.2. Assume that the minimal elliptic surface S → C over F q associated with E/K has Kodaira dimension 1 and thatr = a. Then µ A/K > 0.
Proof. By the proof of Proposition 3.3.1 and by (12), (13), we know that a −r = deg P S,2 − ρ SF q , where ρ SF q is the rank of NS(SF q ). Hence the assumption implies that ρ SF q = deg P S,2 , i.e. S is Shioda supersingular. In particular (cf. the paragraph after [Lie13, Definition 9.11]), it is Artin supersingular, i.e. λ S,i = 1 for all i, or θ S = 0. By Proposition 3.3.1, we know that θ A = 0. We have deg(L) + 2g C − 2 > 0 as above. Hence if g C = 0, then deg(L) ≥ 3 and A is non-constant; if g C = 1, then deg(L) ≥ 1 and A is non-constant; or else g C ≥ 2. Applying Theorem 5.1.1, we know µ A/K > 0. For the rest of this section, we further assume that the elliptic curve A is nonisotrivial. We will study the behavior of the j-invariant and the µ-invariant under isogeny. p contains a non-trivialétale subgroup scheme, so is A. Lemma 5.2.4. Every non-isotrivial elliptic curve is isogenous to an elliptic curve with j-invariant not a p-th power.
Proof. Let E be the maximalétale subgroup of A p ∞ . Then E is finite and (A/E) p has no non-trivialétale subgroup.
5.3. The isogeny class. Consider the connected-étale sequence
where A 0 p n and π 0 (A p n ) are Cartier dual to each other. Since π 0 (A p n ) is of p-rank 1, there exists a unique filtration
with G i of order p i , and by duality the filtration
By the above filtrations, ϕ is decomposed into a sequence
/ / B where each φ i is a Frobenius, ψ j a Verschiebung, all of degree p. Suppose A/K has semi-stable reduction everywhere. Then
while N A (p m ) /K = N A/K and the Hasse-Weil L-function for both curves are the same. Hence Theorem 5.1.1 says 
We summarize the above discussion below.
Proposition 5.3.3. Among an isogeny class of elliptic curves with semi-stable reduction everywhere, those curves with j-invariant not a p-th power have minimal µ-invariant.
The elliptic curve A in Proposition 3.4.5 has j-invariant not a p-th power. Hence by Proposition 5.3.3, we cannot replace A by an isogenous elliptic curve for which the µ-invariant is zero. This should be compared with Greenberg's conjecture [Gre99, Conjecture 1.11] on µ-invariants of elliptic curves over Q. To recall this conjecture, let E be an elliptic curve over Q. Assume that
. Then Greenberg's conjecture claims the existence of a Q-
5.4. Elliptic curves with trivial µ-invariant. In this subsection, we produce infinitely many elliptic curves with trivial µ-invariant. Assume that char(K) = 2 and A/K is defined by the Legendre form (see [Sil86,
with λ ∈ K, so that F 0 := F q (λ) ⊂ K. The equation (21) defines an elliptic curve E 0 /F 0 such that A/K is just its base change to K. Put t 2 = λ, F = F q (t) and let E/F be the elliptic curve defined by
Then E/F is the base change of E 0 to F . Let
Definition 5.4.1. An elliptic curve is of Legendre p-type, if (1) char(K) = 2 and A has the Legendre invariant λ ∈ K.
(2) K/F 0 , where
, is a Galois p-extension unramified at supersingular places of E 0 /F 0 .
Proof. By Lemma 2.1.2, it is enough to show µ A/K ′ = 0. Here K ′ = KF and F = F q (t) with t 2 = λ. Let E 0 /F 0 and E/F be the elliptic curves defined by (21) and (22), respectively. By the condition (2), if a place of F ramifies in K ′ , then the corresponding place of F 0 is either an ordinary or additive place for E 0 /F 0 . The only place where E 0 /F 0 has additive reduction is where λ = ∞ (see the proof of Lemma 7.1.1 below). The corresponding place t = ∞ of F is an ordinary place for E/F (see loc. cit.). Therefore K ′ /F is a Galois p-extension unramified outside ordinary places of E/F . Now Theorem 2.1.5 says we only need to prove µ E/F = 0. Lemma 7.1.1 below says E/F has semi-stable reduction everywhere, and by simple computation (see §7.2), we find deg(∆ E/F ) = 12, and hence µ E/F = 0 by Theorem 5.1.1. Thus µ A/K = 0.
Remark 5.4.3. Let A/K be an elliptic curve satisfying the condition (1) such that µ A/K = 0. The previous theorem is a type of results saying µ A/L = 0 for some extension L/K unramified at supersingular places of A/K. But L/K being ramified at a supersingular place does not always imply that µ A/L > 0. For example, let K = F 3 (t) and A defined by Y 2 = X(X − 1)(X − t 2 ). There is one supersingular place which is the zero of (t 2 + 1). The extension L = K(s) of K with s 2 = 1 + t 2 is a quadratic extension ramified at (t 2 + 1). However, Magma gives a trivial µ-invariant for A/L (see §7.3 below).
µ = 0 for generic elliptic curves
In this section, we show that "generic" elliptic curves over K with p > 3 in a certain precise sense have trivial µ-invariant (Theorem 6.3.1). This partially extends the result [Art74b, Lemma (5.10)] that the generic fibers of general Weierstrass fibrations which are K3 have µ = 0. We do not assume that the elliptic curves are non-isotrivial or semistable. 6.1. An elliptic curve having µ = 0 with given deg(∆). We first produce some (isotrivial) elliptic curves having µ = 0 with given deg(∆).
Proposition 6.1.1. Assume p > 2. Let n be a non-negative integer. Then there exist a finite constant extension K ′ of K and an elliptic curve E/K ′ such that deg(∆ E/K ′ ) = 12n and µ E/K ′ = 0.
Proof. Let K ′ be a finite constant extension of K having 2n places v 1 , . . . , v 2n of degree 1. We first show that by replacing K ′ by a larger finite constant extension of K, we can choose an element f ∈ K ′ such that v i (f ) is odd for any i and v(f ) is even for any other place v of K ′ . Consider the exact sequence
where the middle direct sum is over all places of KF q , the first map is the sum of the valuations and the second map is 1 → v for each summand corresponding to a place v. Since Pic 0 (CF q ) is the group of geometric points of the Jacobian of C and hence divisible, this gives an exact sequence
where the second map is the summation map. Consider the element of v Z/2Z such that the component corresponding to each v i is 1 and the other components are zero. This element belongs to the kernel of the summation map. Hence there exists an element f ∈ (KF q ) × such that v i (f ) ≡ 1 mod 2 for any i and v(f ) ≡ 0 mod 2 for any other v. Replace K ′ by a larger finite constant extension of K so that f is in K ′ . This choice of K ′ and f does the job. Let E 0 : y 2 = x 3 + ax 2 + bx+ c be any constant ordinary elliptic curve over K ′ . Let E : f y 2 = x 3 + ax 2 + bx + c be its quadratic twist by f . This E has µ = 0 by [OT09, Theorem 1.8 (1)]. We show deg(∆ E/K ′ ) = 12n. Let v be any place of K ′ . If v(f ) is even and hence f = uπ m for some unit u at v, uniformizer π at v and integer m, then E is isomorphic to uy 2 = x 3 + ax 2 + bx + c over K ′ v , which has good reduction at v. If v(f ) is odd, then similarly, E is isomorphic to y 2 = x 3 + πax 2 + π 2 bx + π 3 c over K v for some uniformizer π at v. Its discriminant is the discriminant of E 0 times π 6 . Hence this equation is minimal at v and v(∆ E/K ′ ) = 6. Therefore, by the choice of f , we know that deg(∆ E/K ′ ) = 6 · 2n = 12n.
6.2. Moduli of elliptic curves with given deg(∆). To precisely define "generic" elliptic curves, we need a parameter space for elliptic curves over K with given deg(∆). We follow [Kas77] . See also [Mir81] and [Sei87] , which work over positive characteristic as well.
For a perfect field extension k/F q and an abelian variety A over the fraction field of K ⊗ Fq k with Néron model A over C k , we define µ A to be the dimension of the group scheme H 1 (C k , A) over k. If A is an elliptic curve and the associated minimal elliptic surface S has smooth Picard scheme, then this µ A is equal to the dimension of the unipotent part of the formal Brauer group of S by Remark 3.1.2 and Proposition 3.1.3 (which are still true with F q replaced by k by the same proof). When k =F q , we denoteC = CF q . In what follows, any fiber product is taken overF q when "×" has no specified base. For any integer n, let Pic If n > 2g C −2, then for any line bundle L of degree n onC (that is, any element of Pic n C/Fq (F q )), the dimension of H 0 (C, L ) is n+ 1 −g C by the Riemann-Roch theorem, which does not depend on L . Hence the direct image sheaf pr 2 * P n on Pic n C/Fq has a constant rank over all points of Pic n C/Fq . Therefore Grauert's theorem ([Har77, III, Corollary 12.9]) implies that pr 2 * P n is a locally free sheaf whose fiber at any point L of Pic
C/Fq be the total space of pr 2 * P n (where ∨ denotes the dual bundle), which is the relative Spec of the symmetric algebra of (pr 2 * P n )
∨ . The closed points of V((pr 2 * P n ) ∨ ) are given by pairs (L , s), where L is a line bundle of degree n onC and s ∈ H 0 (C, L ). Assume p > 3. Let n > (g C − 1)/2 be an integer. Let P ⊗4 n and P
⊗6
n be the tensor powers of P n , which are line bundles on Pic n C/Fq . Since 6n ≥ 4n > 2g C − 2, we have a vector bundle V((pr 2 * (P
where L is a line bundle of degree n onC and
. Following the paragraphs after [Kas77, Theorem 1], we make the following definition:
Definition 6.2.1. Define Y (n,C) to be the set of triples (L , g 2 , g 3 ) as above satisfying the following two conditions:
• 4g ∨ ), which we denote by the same symbol Y (n,C) by abuse of notation. Below we only consider Y (n,C) as a scheme.
Consider the action of G m,Pic
The quotient of V((pr 2 * (P 5 ), the set of k-points of X(n,C) corresponds bijectively to the isomorphism classes of minimal elliptic surfaces S → C k with section and χ(S, O S ) = n. It also corresponds bijectively to the isomorphism classes of elliptic curves over the fraction field of K ⊗ Fq k with deg(∆) = 12n by the paragraph after Theorem 5.1.1. For a (not necessarily closed) point a ∈ X(n,C), we define its µ-invariant µ a to be the µ-invariant of the elliptic curve corresponding to a geometric point (the spectrum of an algebraically closed field) lying over a. This defines a function on the underlying set of the scheme X(n,C) valued in non-negative integers.
6.3. Statement and proof. Now the following theorem states that general points of X(n,C) correspond to elliptic curves with trivial µ-invariant.
Theorem 6.3.1. Let p > 3 and n > (g C − 1)/2 be as above. Then the µ-invariant function a → µ a on X(n,C) as defined above is upper semicontinuous. The (open) locus where µ a = 0 is dense.
Note that if g C = 0, then there is no restriction on n. We will prove this theorem below. We need some preparations. We first define a universal family of Weierstrass models over Y (n,C).
Let h : Y (n,C) → Pic n C/Fq be the composite of the inclusion Y ֒→ V((pr 2 * (P
∨ ) and the natural projection V((pr 2 * (P 
, where (L , g 2 , g 3 ) is any point of Y (n,C) (so g 2 is a global section of L ⊗4 and g 3 is a global section of L ⊗6 ) and x, y, z are coordinates of
The equations for the relative affine patches (affine overC × Y (n,C)) are given by
∨ (for the locus y = 0). The composite of the inclusion
Lemma 6.3.3.
• The morphism S * →C × Y (n,C) is projective and flat.
• The fibers of the morphism S * → Y (n,C) are normal projective surfaces with only rational double points. Proof. The morphism S * → Y (n,C) is cohomologically flat in dimension zero by [Gro63, (7.8.6)] since it is flat with geometrically reduced fibers by Lemma 6.3.3. The same lemma says that these fibers are normal projective surfaces. Therefore, with Lemma 6.3.6, we may apply [AM77, Corollary (4.1)] and the paragraphs after to see thatBr S * /Y (n,C) exists as a formally smooth formal group scheme over Y (n,C). By [AM77, II, (2.4) and (3.2)], the Lie algebra ofBr S * /Y (n,C) is the second direct image of the structure sheaf of S * by the morphism S * → Y (n,C). For any point b ∈ Y (n,C), the dimension of As we saw before, X(n,C) is a universal geometric quotient of Y (n,C). In particular, X(n,C) has a quotient topology of Y (n,C). Hence the function a → µ a on X(n,C) is also upper semicontinuous, and the locus of X(n,C) with µ a = 0 is dense.
If the condition n > (g C − 1)/2 is not satisfied, the scheme structure on the set X(n,C) is much more complicated; see [Sei87] . In particular, it is not necessarily irreducible. It is not clear if the theorem extends to this case.
Remark 6.3.8. The variety X(n,C) overF q can be naturally defined over a finite extension of F q where C has a rational point (so that a Poincaré sheaf is well-defined). Assume that C has a rational point and denote the resulting variety over F q by X(n, C). The residue fields at closed points of X(n, C) are finite. Therefore Theorem 6.3.1 says that there are "many" elliptic curves over finite constant extensions of K with given deg(∆) and µ = 0, where this µ means the "usual" µ-invariant as defined in Definition 2.0.1. More specifically, the µ = 0 locus X(n, C) µ=0 is a dense open subvariety of X(n, C). Hence the set of closed point of X(n, C) µ=0 with the induced Zariski topology is dense open in the set of closed points of X(n, C).
Computations
In this section, we give a certain number of examples where we are able to calculate the µ-invariant.
7.1. Legendre curves. Assume that char(K) = 2 and A is defined by the Legendre form,
For each non-zero g ∈ K, let (g) 0 and (g) ∞ denote the divisors of zeros and poles of 
In the case where v divides (f ) 0 , the equation (24) reads y 2 = x 2 (x−1). Put y = ξ ·x, then for (x, y) = (0, 0), the singularity ofĀ, we have x = ξ 2 + 1, y = ξ(ξ 2 + 1). Thus, A has split multiplicative reduction if −1 is a square in F v ; non-split multiplicative reduction, if −1 is not a square. Let m v be the coefficient of v in (f ) 0 so that f = π mv u, for some u ∈ O v . Then the discriminant of (23) 
If v divides (f − 1) 0 , the equation (24) becomes y 2 = x(x − 1) 2 . By putting y = ξ · (x − 1) and by an argument similar to the above, we deduce that A has split multiplicative reduction at v and if m v is the coefficient of v in (f − 1) 0 , then also n v = 1, and δ v = 2m v .
Call a divisor C = c v · v even, if all c v are even integers. 
7.2. A simple example. Let K = F q (t). Here we demonstrate the case of lower degree f . Take f (t) = g(t)
t 2 , g(t) ∈ F q (t), t ∤ g(t), deg g(t) ≤ 2, so deg f = 2 and hence deg ∆ = 12.
Therefore µ A/K = 0 by Theorem 5.1.1. The associated surface is rational (hence has trivial Brauer group overF q ) by the paragraph after Theorem 5.1.1.
One can compute by hand that ∆ = 8(t + 1) 0 + 8(1/t) 0 + 4(t) 0 + 4(t + 2) 0 , so deg ∆ = 24. The equation (29) is not satisfied here. Note that j = c 3 4 /∆, but in this case, ∆ is not the exact "denominator" of j.
(c) P (T ) = −9T 2 + 1, so θ = 0.
Therefore µ = 1. The associated surface is a K3 surface, and the result µ = 1 shows that it is supersingular. 7.5. A supersingular isotrivial curve. We give an example of an isotrivial nonconstant elliptic curve with everywhere good supersingular reduction and µ = 0 over a function field with non-invertible Hasse-Witt matrix. As any finite extension of such a function field has non-invertible Hasse-Witt matrix, this gives a counterexample to the "only if" direction of [OT09, Theorem 1.8 (2)].
Assume p = 2. Let C ′ → C be a degree 2 isogeny between supersingular elliptic curves over F q . Let K ′ /K be the corresponding extension of function fields. Let A 0 /K be a constant supersingular elliptic curve. Let A/K be the quadratic twist of A 0 by K ′ /K, which has good reduction everywhere since K ′ /K is unramified everywhere. The elliptic surfaces over The general case follows from this calculation and the slope decomposition.
Proposition A.3. θ ∈ Z.
Proof. By Proposition A.1, P 1 (t) is the characteristic polynomial of the q-th power Frobenius action on an F -isocrystal over F q . Hence the vertices of the Newton polygon of P 1 (t) with respect to the q-valuation have integer coordinates by Proposition A.2. In particular, λ j <1 λ j ∈ Z. This implies that θ ∈ Z by Proposition 2.2.3.
Remark A.4.
(1) To see how non-trivial this statement θ ∈ Z is, consider the case q = 4 and the polynomial P ′ (t) = 1 − 2t + 16t 2 instead of P 1 (t). The reciprocal roots of P ′ (t) are Weil q-numbers of weight 2, just as P 1 (t). The polynomial P ′ (t) also satisfies the expected functional equation P ′ (t) = 16t 2 P ′ (1/16t). The q-valuations {λ ′ j } of the reciprocal roots of P ′ (t) are 1/2 and 3/2, which are numbers between 0 and 2 invariant under λ ′ j ↔ 2 − λ ′ j . Therefore P ′ (t) shares most of the properties of P (t). Yet λ ′ j <1 λ ′ j is 1/2, which is not an integer. It is crucial that P 1 (t) comes from an F -isocrystal over F q .
(2) In the proof of [Ulm19, 4.1], it is stated that since the break points of a Newton polygon have integer coordinates, λ i <1 (λ i − 1) is an integer. A possible interpretation of this line is the combination of the above three propositions. This integrality is used to prove that dim X(A) in the notation of [Ulm19, 4.1] is an integer. (3) In the case A is a Jacobian, the integrality of θ (= θ A ) also follows from Milne's formula (14) for surfaces (so θ S ∈ Z) and Proposition 3.3.1. (4) In [Kah14, Theorem 1 b)], it is stated that P 1 (t) is the reciprocal of the "Z-function" of a certain Chow motive over F q . If we used this statement, then P 1 (t) would be expressed as the characteristic polynomial of the q-th 
